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Abstract 

We analyze in detail supersymmetry breaking by compactification 
of the fifth dimension in M-theory in the compactification pattern 
lid 5d Ad and find that a superpotential is generated for the 
complex fields coming from Sd hypermultiplets, namely the dilaton 
S and the complex structure moduli. Using general arguments it is 
shown that these fields are always stabilized such that they don't con- 
tribute to supersymmetry breaking, which is completely saturated by 
the Kahler moduli coming from vector multiplets. It is shown that this 
mechanism is the strong-coupling analog of the Rohm-Witten quan- 
tization of the antisymmetric tensor field strength of string theories. 
The effect of a gaugino condensate on one of the boundaries is also 
considered. 
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1 Introduction 



It is largely believed nowdays that the strongly coupled regime of the het- 
erotic string is described within the M-theory and, in particular, the strongly 
coupled £"8 X Es heterotic string, traditionally considered as the most rele- 
vant one for phenomenology, can be described, in the low energy limit, by 
the eleven- dimensional supergravity with the two gauge factors living 
each on a 10-d boundary [|l|. The radius of the eleventh dimension is related 
to the string coupling by Ru ~ A^^^. So in the strongly coupled regime, 
Rii has to be large and possibly larger than the typical radius of the other 
six compact dimensions 0], 0. Describing four- dimensional physics from 
£"8 X ^8 heterotic strongly coupled string should thus be equivalent to com- 
pactifing the eleven-dimensional supergravity on a Calabi-Yau manifold and 
then compactifing the fifth dimension on /Z2. 

Recently 0, (see also in the type II context), attention was paid 
to the Ad supersymmetry breaking by the compactification from bd to 4(i, by 
using the field-theoretical Scherk-Schwarz mechanism It was argued in 
[^] that the results look like non-perturbative from the perturbative heterotic 
string point of view. For the simplest truncation lid bd corresponding to 
no complex structure moduli, a superpotential generation for S was obtained. 
The corresponding model has spontaneously broken supersymmetry with a 
zero cosmological constant, the invariance S ^ 1/S and a minimum that is 
reached for S = 1. We give in Section 2 the next non-trivial example involving 
one complex structure modulus and then more general results are given by 
using generic arguments. Then the effect of a gaugino condensate added on 
one of the boundaries is studied; the picture which emerges is shown to be 
consistent. In Section 3 we show that the Scherk-Schwarz mechanism in this 
context describes in strong coupling regime the Rohm-Witten quantization 
[P] of the antisymmetric tensor field strength , used in the early days of 
string phenomenology |]TD[ in the context of gaugino condensation for fixing 
the dilaton with a (tree- level) zero cosmological constant. 



■^I would like to thank Jean-Pierre Derendinger for discussions which lead me to study 
this analogy. 
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2 The spontaneous breaking of = 1 super- 
symmetry in four dimensions by compact- 
ification 

To be specific, in the following we discuss the 5d Ad compactification. 
The Scherk-Schwarz mechanism is a generalized dimensional reduction that 
allows for the fields a dependence in the compact coordinates. This depen- 
dence must satisfy some properties: it has to be in a factorizable form and 
has to correspond to an /^-symmetry of the theory. If we denote generically 
by $ all the (boson and fermion) fields of the theory , we have the following 
decomposition 

$(X,X5) = U{X5) (1) 

where X5 denotes the compact coordinate and x non-compact ones. This 
tensor decomposition is stable under product and exterior derivation. For 
—71 < X5 < TT, defining 

$(7r) = W$(-7r) , (2) 

consistency ask for U to he a symmetry of the 5d theory. 

This extended dimensional reduction generates a potential for the scalar 
fields corresponding to the kinetic terms in the compact space. The require- 
ment for this scalar potential to be positive imposes further restrictions on 
the form of U. A solution was proposed by Scherk and Schwarz, by taking 

U = e*^"« , (3) 

where M is an antihermitian matrix depending on the field representation. 
When applied to the kinetic term for the 5d spin-| field, masses for the 
resulting Ad gravitinos are also generated. 

The Horava-Witten projection acts as 

^0(-a;5) = V4>{X5) , ^v&(-X5) = r/75^(x5) , (4) 

where (j) denote bosonic fields and \l/ fermionic fields and = 1 for g^^^, gjj, C^u, 
C5f,„, "^f,, and 7] = -1 for g^^, Cuk, C^^^p, ^'5. The consistency of the 
Scherk-Schwarz mechanism with asks for the condition |jlT| 



{Zr,M} = 0. (5) 
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It was proven in [^] that, at the field theory level, the only symmetry that is 
compatible with the projection is a U{1) subgroup of the SU{2)ji sym- 
metry appearing in the N = 2 supersymmetry algebra. We quikly remind 
the results obtained within the simplest truncation |jl2[, corresponding to 



an SU{3) invariance in the compactified space of volume e^"^ and /i{2,i) = 0. 
In this case, in 5d the only matter multiplet is the universal hypermultiplet 
{e^'^,Cijk = eijka,C^,^p), whose scalar fields parametrize the coset 5^(^|x't/li) 
This structure can be simply viewed from Ad by a direct truncation 
{without the projection). The lagrangian of the universal hypermulti- 

plet can be derived from the Kahler potential |]13| 



/C = - \n{S + - 2a^a) , (6) 
where the Hodge duality in 5d is 

v^e^'^G^.p. = e^,,^sid'a^ + ta^ d' a) (7) 

and 5* = e^"' + a^a + iai. The SU (2) symmetry acts linearly on the redefined 
fields 

_l-S _ 2a 

which form a doublet (^1,2:2). The projection acts as Z2^S = S, 

Z^"^ a = —a, which translates on the SU (2) doublet in the obvious way: 

(9) 





The Scherk-Schwarz decomposition in this case reads explicitly 

_ / cosmxs sinmxse*^ 
I — sinmxse"*^ cosmxs 





(10) 



corresponding to the matrix defined in (|^) M = im{cos6a2 + sinOai) and 
where m is a real mass parameter and 9 a phase. Notice that, thanks to 
the anticommutation relation (^, which is clearly verified, the fields Zi have 

■^The possibility of adding this phase was noticed in the second reference in However, 
this phase add no new physical freedom and will be put to zero in the following. 
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the same Z^"^ parities as the fields Zi. The resuhing scalar potential in 4(i 
in Einstein metric is computed from the kinetic terms of the (-Si, -22) fields 
derived from (^. After making 2:2 = 0, corresponding to the projection 22^-, 
it is easily worked out and can be seen as a superpotential generation for S. 
The 4(i theory is completely described by 

K = -ln{S + S^)-3ln{T + T^) , W = 2m{l + S) , 



The resulting model is of a no-scale type This is a general result for 

models obtained by the Scherk-Schwarz mechanism. Notice that in the zi 
variable the superpotential is just a constant W = 2\/2m. The minimum of 
the scalar potential is = 1 and gives a spontaneously broken supergravity 
model with a zero cosmo logical constant. The order parameter for super- 
symmetry breaking is the gravitino mass my 2 = e'^jW^P = 8m^/ [T + T^)^. 

The next non-trivial example corresponds to a compactification with 
^(2,1) = 1; which can be obtained for example with Zq, Zq or Z12 projec- 
tions in the compactified space. The 5d theory contains two hypermultiplets 
{S, as), with Cijk = ^ijkds and {U, au), with = au and two vector multi- 
plets. The hypermultiplets scalars span the coset f/(2, 2)/[/(2) x f/(2). The 
corresponding Kahler potential is 



K = - In det{T + T^) , where T = _ r'f . (12) 




The SU{2)ii symmetry acts linearly on the matrix z = zq{1 — T)(1 + T)~^, 
in terms of which the Kahler potential is (up to a Kahler transformation) 
K = —Tr\n{zoZQ — zz^). Here Zq is an arbitrary, fixed matrix which, without 
loosing generality can be put to Zq = 1 in the following. Imposing the 
Horava-Witten projection means as = au = and the Ad theory contains 
the moduli S, U coming from 5d hypermultiplets and Ti,T2,T3 moduli, two 
coming from the two 5d vector multiplets and one (the overall volume) from 
the 5d gravitational multiplet . The Scherk-Schwarz decomposition reads 



then 




cos mxs sm mx^ 
— sinmxs cos 772x5 



(13) 
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The Ad potential is computed as 







2 + 


Z22 


2 


(1- 






Z22 





V = K,^ -,fd,z'W'z^'^ = m2e-37^^1^^Jf?^_^ (14) 



in Ad SUGRA units, where 5(55 = e^"^ = and gj^J = e-'^gj^J. As in the 
previous example, the result coresponds to a superpotential generation W = 
2^/2m. In the S, U variables, the lagrangian is 

3 

K = -\n{S + S^) -\n{U + U^) -J2ln{Ti + Tl) ,W = V2m{l + S){l + U), 

i=l 

2m2 



V 



(S + S^){U + W)mT, + T^ 



\1 - S\^\l + U\^ + \1 + S\^\l - U\^ (15) 



The vacuum corresponds to S = U = 1. It is easy to compute the physical 
masses and to check that m| = mfj = rriy^, in accordance with the Scherk- 
Schwarz mechanism. Notice that the auxiliary fields Gs = Gjj = don't 
contribute to supersymmetry breaking. If we integrate-in the field U and 
put Tj = T we recover the previous example (0). This is valid for any 
generalization by integrating-in the complex structure moduli Ua- 

General results can be obtained by noticing that the Kahler moduli Tj 
coming from 5d vector multiplets are described by special Kahler geometry 



1^ and therefore their Kahler potential is 

K=-\nJ^ ,T= \d'\T^ + Th{T, + T]){Tk + tI) , (16) 

where are the intersection numbers of the Calabi-Yau manifold and T is 
related to the prepotential F = ^d^^TiTjTk (for example, F = iT^ for the 
first model and F = iTiT2T^ for the second model in this paragraph). On 
the other hand, as the SU{2)r symmetry doesn't act on the vector moduli, 
there is no induced superpotential in Ad and so the whole vector moduli 
lagrangian is described by JF. Then, by using tjjF* = 3JF, where 2ti = 
Ti + Tj, it is easy to show that [|l|] C'd = 3 (where G = K + \n\W\^) and 



the breaking of supersymmetry is saturated by Kahler moduli. With these 
considerations, it is easy to determine the goldstino direction. Indeed, by 
compactification, as the hypermultiplets don't contribute to supersymmetry 
breaking, the goldstino should be a combination of \I'5 (fifth component of a 
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Majorana gravitino) and chiral fermions coming from 5d vector multiplets. 
The SU{2)ii acts explicitly on the last ones and they become massive. On 
the other hand, due to the special structure of the 5d gravitino kinetic term 

Lk^n = -^^^Tf^^'D^^I/p , (17) 

the component \l/5 which survives after the Horava-Witten projection cannot 
acquires a mass, therefore it must be identified with the goldstino. ^ 

Using [|1^ = —2ti and denoting by Xi the fermion associated to the 
moduli Tj, we get the expression for the goldstino 

g = e^Ga' ~ -"^d'^t.xk ~ ^5 , (18) 

where is, as we said, the fifth component of the gravitino, whose coun- 
terpart is projected by In order to compute (|1^) we used the 
fact that Ga = for complex structure Ua fields. The last equality in (|l^) 
is just the supersymmetric partner of the relation = l/Qd^^titjtk-, where 
t is the overall volume moduli coming from the bd gravitational multiplet 
S'ss = Therefore, for general models with complex structure moduli Ua, 
zero cosmological constant (which is always obtained at tree level in the 
Scherk-Schwarz mechanism) asks for Gs = Ga = 0. This constraint, to- 
gether with m| = = mg^g can be used in order to construct effective 
lagrangians directly in Ad. One example of model obtained along these lines 
corresponds to h(i i) = h(2 i) = 3. The lagrangian is a simple generalization 
of dg) 

3 3 

K = -ln(^ + 5t)-^ln(f/, + f/t)-^ln(T, + 7;^) , (19) 

777 , . 

W = -^{1 + S)l[{l + Ua) . (20) 

In all the examples we worked out (including other U moduli fields), the 
generated superpotential W{S, Ua) is a constant in the variables where the 
SU{2)ji symmetry acts linearly, so we conjecture that this is a general result. 

^After our argument was completed, we learned that this was recently noticed also in 
the second rcf . in Q . 
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An important question is of course the possible values the parameter m 
can take. To answer this question, we use the result of Hull and Townsend 
which states that generically any global symmetry is broken to the corre- 
sponding discrete subgroup by the Dirac charge quantization. In particular, 
the SU (2, R)ji symmetry should be broken to the SL{2, Z)^ subgroup. Con- 
sequently, we must impose the condition 

^ ^ f cos27rm sin27rm \ ^ ^ 

I —sin2'nm com27im J \ ^ ) ^ \ J 

which has as solutions m = ±1/2, ±1/4 in units of Mp. 

It is useful to express the gravitino mass in a more usual way by using 
relations obtained in 0. We redefine m = nMp, n being then a pure number. 
Then we get, for all the models discussed above 



3/2 = {T^T^f ^ ^ 



<n = T^^T^. = —^ = -,, (22) 



where p is the fifth radius and we used the relation tM^^ = Mp, which is 
the analog of the relation sMf = Mp of the perturbative heterotic stringQ. 
The final expression (^) is of course the usual expression for Kaluza-Klein 
type masses. Notice that we can also rewrite the gravitino mass as 

"^3/2 = rij^ , (23) 

in a way that will become very transparent later on, when we will couple 
a gaugino condensate on one boundary of the system. As explained in [|], 
the matter fields feel the supersymmetry breaking only through radiative 
corrections and get soft masses which are generically m^o/t ~ mlj^/Mp. 

A next step in understanding the dynamics of the strongly coupled het- 
erotic string is the coupling of the five dimensional bulk to the two Ad bound- 
aries containing the matter and the gauge fields.^ In this paper, we neglect 
the problems (discussed in 0) due to the modified Bianchi identity 

dG^Y. ^(^5 - - ]frR^)dx^^ , (24) 



^In Q it was considered the possibility that m ^ Afn, in which case the gravitino mass 
was smaller compared to (|2^). 

^This issue was recently considered from a complementary point of view in pO|, [pl|. 



7 



where Xi = 0,7? are the positions of the two boundaries, because of our 
computational hmitation in solving exactly the supersymmetry conditions 
in the compactified space. While this is an important omission, we believe 
including its effects will not qualitatively change our results. 

We incorporate the effect of a gaugino condensate on one (strongly cou- 



pled) boundary, let's say at X5 = 0. It was noticed in 0] that, in complete 
analogy with the weakly coupled case, the lid — lOd lagrangian contains the 
perfect square 



-1 

12A;fi 



Gabcii - ^(^)^/^5(x")rr^^cA" 

iOTT 47r 



(25) 



where kn is the llo? gravitational constant and A" are gauginos living on 
the boundary. We consider only the simplest case /i(2,i) = 0. Then the 
compactification of the above term (p5| ) to 5d changes the field strength 
G^ijk- This corresponds to the shift in the kinetic term for the universal 
complex field a as 

d^a — > d^a — (35{x^)\\ , (26) 



where (3 is related to the coefficient of the fermion bilinear in ( pSf ) and AA 
is the Ad gaugino condensate. According to 5{x^) is defined here to 
transform as a scalar under diffeomorphisms. This means it implicitly contain 
a vierbien e| = e"' in its definition; also, the 11 index in Gabcii is a Lorentz 
one and for doing the computation it must be changed into an Einstein 
index, a fact which turns out to be crucial in the following. The rest of 
the bd lagrangian is unchanged and we can apply again the Scherk-Schwarz 
mechanism. The scalar potential compared to the case without gaugino 
condensate is shifted according to 

V ^V- /5e-^[e-=^^55(a + d%,,=o)\\ + /3'e-=^'^<5(0)(AA)2 , (27) 

where e~"' factor originates from the inverse vierbein necessary to convert 
a Lorentz index into an Einstein one, as discussed above. Using ([TO) for 
doing the computation and then going into Ad SUGRA [g'^^} = e~"'gj^ and 

A — i> e~A) units we get the result 



V ' 



{S + ^t) 



.(2J 
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The last term in p8| ) is of course ill-defined and can hardly help us in finding 
the correct result. On the other hand, the first two terms have a clear 
tendency of forming a perfect square and therefore the correct result should 
be 

Puting back the mass units in our result, we see that we found (for m ~ Mp, 
as we argued earlier) 

< >~ ^ = < ' (30) 

where in the last step we used again the formula tMf^ = Mp. We therefore 
found explicitly the result conjectured in namely the gaugino conden- 
sation scale is the M-theory scale Mn. Now the formulae (p3D,(pOD are of 
course simply explained in perfect analogy with the gaugino condensation 
scenario in SUGRA |1T9| 



< AA > 

~ --^ . (31) 

In the presence of the condensate, the vev of S is shifted. Notice that, 
here S is the volume of compactified space on the boundary containing the 
condensate and therefore is related to the gauge coupling of the strongly 
coupled hidden sector. We now compute the volume of the compactified 
space on the other (observable) boundary. The result is 

^W-SW = ^;;;JL_. (32) 

In the absence of the gaugino condensate, S = \ and therefore V{n) = V(0), 
the two boundaries being perfectly symmetric. In the presence of the gaugino 
condensate, S < 1 and we get V(7r) > V(0) such that the observable world 
has a smaller gauge coupling. The picture is therefore consistent and reminds 
us the situation described in f^, where it was shown that, due to the modified 
Bianchi identity (|^) a similar phenomenon occurs. 

Finally, we note that, if we don't impose the Horava-Witten projection, 
the resulting N=2 model in Ad has interesting properties, too. Namely, the 
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Scherk-Schwarz masses, given by the parameter m which becomes now the 
N=2 central charge, are BPS saturated and in consequence the tree level 
result is actually exact. Indeed, the 5d supersymmetry algebra becomes in 
Ad, in a Weyl notation 

{Q2,Ql} {Q2,Q2}\ _ J ^'PA fnn^ 

{QuQi} {QuQ2} J ~ [^^P, -P^ I ' ^ ^ 

where Qi,Q2 are the two supersymmetry charges in 4d and P5 is the fifth 
momentum, which is therefore the central charge. The usual argument gives 
here for the mass operator ^ Pi- It is now straightforward to check the 
BPS relation = P| by using Scherk-Schwarz decompositions of type (p^) 
and the spectrum of masses computed from the scalar potential. 



3 Quantization of S and of the complex struc- 
ture moduli. 

It was shown in the context of string theory that the field strength of the 
antisymmetric tensor B, H = dB — ^uj^y satisfies the quantization rule 

H='^^P. (34) 

where T2 is the string tension, C3 is a closed three-manifold and p is an 
integer. In particular, this predicted in components Hijk = ceijk, with c 
a quantized parameter which was used in in the gaugino condensation 



scenario in order to break supersymmetry with a stabilized dilaton and zero 
cosmological constant. Rohm and Witten argued that c depends generically 
on the complex structure moduli. 

We claim now that similar quantization rules appear in our version of 
the Scherk-Schwarz mechanism with an interpretation very similar in spirit 
to that of Rohm and Witten. More precisely, we show by an explicit computa- 
tion that despite the fact that the three form components Cijk, C^ji, C^yp, /x, z/, 
p = 1, 2, 3, 4 are odd under and therefore have no zero modes in Ad, the 
corresponding field strengths have background values leading to quantization 
rules. The generalization of (0) in strong coupling regime is 

G='^^P, (35) 
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where G = 6dC + a6{x^)dx^uJsY is given in |]I|) and T3 is the membrane 
tension. We neglect in this paper the Chern-Simmons possible contribution 
to G. Their consequence can be discussed along the lines of ref. [0, but this 
is beyond our goal here. In components, the field strength which interest us 
are G^ijk, G^^^j,. The components Cijk and C^^i depend in a non-trivial way 
on x^, so we get the result 

/ dx'G,.,, = e^Aai^r) - a(-.r)] = 2e,.,a(.) , (36) 

exactly because of the twist in the boundary conditions asked by the Scherk- 
Schwarz mechanism. This is equivalent with the presence of a five-brane as 
a magnetic source for G. Similar quantization rules appear from Gr^^j^. The 
right-hand side of ( p6|) can be easily calculated by using the results of the 
preceding paragraph. The result is 

A {S-l){cos'^-szn^^S) S-1 

for /i(2,i) = and 

{S - 1)(1 + U){cos^^ - sin'^^SU) 



{Gs)bijk — "iraeijk 

yws^—^ r <5(.i 

^ _ (l + 5)(f/-l)(co.^^, .... , 



1 + S){U - l){cos^^ - sin'^^SU) 



~ijk - 



cos^^ + sin'^^SU)^ 



On jS-m + U) {1 + S){U-1) 

^"^^"^ = ctg^ + tg^SU ' ^"^("^ = ctg^ + tg^SU ^^^^ 

for /i(2,i) = 1- For U = 1 the second set of quantization rules (|38| ) coincide 
with (pTl), as it should. As promised, the quantization conditions involve 
explicitly the complex structure moduli and the dilaton S. We stress that 
the parameter m was already quantized before, so the quantized quantities 
are really the vev's of the moduli fields. Notice that at the global minimum 
values, the quanta of charge are zero. The quantization conditions tell us 
that the classical minimum is valid at a non-perturbative level. Another, 
more intriguing possibility, would to get a quantum minimum which satisfy 
the quantization rules with a large S, in order to accomodate the low energy 
observed phenomenology. 
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Another quantity of interest which appears here is a background value of 
G^i^pcrQ- For simphcity reasons, we are computing it in the most simple case, 
^(2,1) = 0. We use (|TU|) in order to find 

- 1 — cosmx^Zi ^ —sinmx^Zi ^ (zi — zhcosmx^ 

S = — '^ = ^ '^1 = ^^ ^- 39 

1 + cosmx^zi 1 + cosmx^zi \1 + cosmx^zi]"^ 

Then, the Hodge duality (|^ gives us the remarkably simple result 

^ 777; 

Gf,upa = --^e"^" aisinmx^e^ypa . (40) 

The Ad lagrangian, neglecting for the moment the Scherk-Schwarz potential, 
is invariant under discrete shifts of the axion field ai. This means, by using 
( ^OD that, on the X5 = tt boundary, G^upa is quantized too. It is already 
known that, in any case, G is quantized ||2^ due to the modified Bianchi 
identity (0), so we showed that this holds true in the context discussed 
here. In complete analogy with the discussion concerning G^ijk, G^ijj., the 
scalar potential (|Tl|) reach its minimum for oi = 0, corresponding to a zero 
quantum of charge. 



4 Conclusions 

This paper studies a class of Ad models obtained by compactifying from 
lid ^ bd ^ Ad the M-theory of Horava and Witten and twisting the 
boundary conditions in the fifth dimension a la Scherk-Schwarz. General 
features of such models are given, based on geometrical properties of the bd 
theory. The presence of a gaugino condensate on one of the boundaries is 
also included, showing that indeed this corresponds to a larger gauge cou- 
pling on this boundary, still keeping the cosmological constant to zero. We 
showed explicitly that Mn is the scale of the gaugino condensation and that 
^3/2 ~ < AA > /Mp, as conjectured in 0. 

It is shown that, due to the twisted boundary conditions, magnetic charges 
appear in the system giving quantization rules similar to that discussed by 
Rohm and Witten in the case of perturbative string theories. We claim that 
the Scherk-Schwarz mechanism here is a manifestation in strong coupling 

would like to thank Pierre Binetruy for collaboration in this part of the paper. 
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regime of the Rohm-Witten mechanism. The addition of the gaugino con- 
densate leads to a physical picture which is very close to that discussed in 
ry]. More precisely, our picture is not that the Scherk-Schwarz mechanism 



is the gaugino condensation in the M-theory context, but that the gaugino 
condensation combine with the Scherk-Schwarz mechanism in the same way 
the gaugino condensation combines with the quantization of the antisym- 
metric field strength in the perturbative strings. On the other hand, in the 
M-theory case, the phenomenological perspectives are certainly better, since 
we naturally get a condensation scale of order Mn, compared to a scale of 
order Mp in the perturbative case, asked by the Rohm-Witten quantization 
rules. 
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